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Abstract
We investigate the stability of the horizon in a warped anti-de Sitter black hole based on the three-dimensional
new massive gravity by particle absorption. If a particle moving towards the black hole enters its outer horizon,
the black hole changes because it absorbs conserved quantities of the particle. This variation is constrained
by the equations of motion for the particle. We prove both the irreducibility of the entropy and stability
of the horizon for the black hole through this process. However, the instability of the horizon is found in a
near-extremal black hole by considering its second-order expansion. We resolve this instability by applying
an adiabatic process for the absorption. Further, we show that the stability has the physical counterpart to
the energy spectrum of the Virasoro generator via the warped anti-de Sitter/warped conformal field theory
correspondence.
1rasenis@sejong.ac.kr
1 Introduction
Anti-de Sitter (AdS) spacetime is a solution to theories of gravity with negative cosmological
constant. Physical implications of the AdS spacetime are not easy to find in our Universe by a
direct way, because our Universe is estimated to have a positive cosmological constant. However,
the gravity theory associated with N -dimensional AdS bulk has a holographic correspondence with
the conformal field theory (CFT) defined on the (N − 1)-dimensional boundary of AdS spacetime
[1–4]. This is known as AdS/CFT correspondence, and its various applications are related both to
quantum chromodynamics (QCD) [5–8] and condensed matter theory (CMT) [9,10]. In the AdS/CFT
correspondence, AdS black holes play an important role, because their thermodynamic properties
appear in the dual CFT on the AdS boundary [11]. Then, the dual theory of the AdS black hole
corresponds to a finite-temperature CFT, and its temperature is defined as the Hawking temperature
in the bulk. In three-dimensional AdS spacetime, entropy of a Ban˜ados-Teitelboim-Zanelli (BTZ) black
hole is described by the Cardy formula of the dual CFT based on AdS/CFT correspondence [12–15].
Various correspondences have recently been found in non-AdS spacetime. Among these non-AdS
holographies, we focus on the duality of a three-dimensional warped Anti-de Sitter (WAdS3) black
hole in the bulk. WAdS3 spacetime is AdS3 spacetime deformed by squashing or stretching [16].
Defined at its WAdS3 boundary, a dual CFT is proposed for the two-dimensional warp conformal
field theory (WCFT2). WCFT2 is imposed to provide translation-invariance along with chiral scaling
symmetry, such that the extended local algebra consists of the Virasoro algebra plus the U(1) Kac-
Moody algebra [17]. WAdS3/WCFT2 correspondence is found in both topologically massive gravity
(TMG) and new massive gravity (NMG) [18, 19]. TMG is three-dimensional Einstein gravity with a
Chern-Simon term [20,21] that propagates one polarization of a spin-2 particle. In addition, TMG is
a parity-violating theory [22]. However, based on this work, the NMG is a parity-preserving model
that resolves these issues [23]. Similar to four-dimensional gravity, it propagates two polarizations of
a spin-2 particle. Therefore, in the NMG, the WAdS3/WCFT2 correspondence is physically close to
its four-dimensional counterpart, which is an advantage.
Because the thermodynamics of a black hole in the bulk are related to the dual CFT at the
boundary, the stability of the black hole becomes important. A stable horizon is particularly phys-
ically significant, because the black hole’s thermal properties, such as its Hawking temperature and
Bekenstein-Hawking entropy, are defined on its horizon [24–29]. The stability of the horizon is pri-
marily studied because of the cosmic censorship conjecture, in which the singularity of a black hole
is assumed to be covered by its horizon [30]. The validity of this conjecture can be investigated by
testing whether a black hole can be overspun or not. This test has been performed on various black
holes in a number of gravity theories [31–43]. As a black hole can either obtain or lose rotational
energy via the Penrose process [44, 45], we can investigate its stability under particle absorption. In
this case, the laws of thermodynamics is strongly related to the stability of the horizon [40,42].
In this work, we investigate the stability of the horizon in the WAdS3 black hole through particle
absorption. The WAdS3 black hole is a solution to the NMG, which is a ghost-free theory propagating
two polarizations of a spin-2 particle. Based on these considerations, we can realize a similar physics in
three-dimensional spacetime to that of four dimensions. Furthermore, a description of the holography
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in three dimensions is obtained, and WAdS3/WCFT2 correspondence, which was studied thoroughly
in [19], is considered. By doing so, we obtain not only the changes in the WAdS3 black hole under
particle absorption but also its physical implications with respect to dual WCFT2. In particular, by
testing if the black hole can be overspun by particle absorption, we demonstrate that the horizon
remains stable under this process, and this stability is explained from the perspective of dual WCFT2.
In addition, we prove the instability of the horizon for the first- and second-order expansions of the near-
extremal black hole. However, this is resolved when a physical absorption process is assumed. Although
a WAdS3 black hole is regular, the stability of its horizon plays an important role in applications of
WAdS3/WCFT2 correspondence, because its thermal properties are defined on its horizon.
This paper is organized as follows. In Sec. 2, WAdS3/CFT2 is outlined briefly. In Sec. 3, the changes
in a WAdS3 black hole are obtained in terms of the conserved quantities of the particles absorbed. In
Sec. 4, the stability of an extremal WAdS3 black hole horizon is investigated under particle absorption.
In Sec. 5, the horizon of a near-extremal black hole is tested and demonstrated to be stable under the
adiabatic processes. In Sec. 6, the stability of the horizon that we have found is explained in terms of
a dual description of WCFT2. Finally, in Sec. 7, our results are summarized.
2 WAdS3/WCFT2 Correspondence in New Massive Gravity
The WAdS3 black hole represents a solution of the NMG that is a ghost-free theory with two
degrees of freedom in propagation. The action of NMG, which is a parity-even theory, is defined by
the high-curvature term [23]
S =
1
16π
∫
d3x
√−g
(
R− 2Λ + 1
m2
(
RµνR
µν − 3
8
R2
))
, (1)
where m and Λ are the mass of a graviton and the cosmological constant, respectively. The equations
of motion are obtained from Eq. (1) as
Gµν + Λgµν +
1
2m2
Kµν = 0 , (2)
where
Gµν = Rµν − 1
2
Rgµν ,
Kµν = 2Rµν − 1
2
∇µ∇νR− 1
2
Rgµν + 4RµανβR
αβ − 3
2
RRµν −RαβRαβgµν + 3
8
R2gµν .
WAdS3 spacetimes are solutions to Eq. (2) [16, 46] and are correlated to the dual WCFT2. This
correspondence is represented as non-AdS holography [17, 18, 47]. Entropy of a WAdS3 black hole
corresponds to the Cardy formula from the dual WCFT2 provided in [19]. The WAdS3 spacetimes
include the timelike and spacelike solutions that play important roles in WAdS3/WCFT2 correspon-
dence. The metric of the timelike WAdS3 spacetime is the same as that of the Go¨del spacetime, which
is given as [48]
ds2 = −dt2 − 4ωrdtdφ+ ℓ
2dr2
(2r2(ω2ℓ2 + 1) + 2ℓ2r)
−
(
2r2
ℓ2
(ω2ℓ2 − 1)− 2r
)
dφ2 , (3)
2
and is a solution to Eq. (19) in terms of the parameter choices
m2 = −19ω
2ℓ2 − 2
2ℓ2
, Λ = −11ω
4ℓ4 + 28ω2ℓ2 − 4
2ℓ2(19ω2ℓ2 − 2) . (4)
As the limit of ω2ℓ2 approaches unity, the solution of Eq. (3) approaches AdS3 spacetime. In Go¨del
spacetime, the physical mass is read in NMG [22] as
MG = − 4ℓ
2ω2
G(19ℓ2ω2 − 2) , (5)
which will be associated to the vacuum of the WAdS3 black hole introduced as follows.
A WAdS3 black hole is a spacelike solution to Eq. (19) that preserves the isometry group SL(2,
R)×U(1) [46,49]. This solution includes the parameter ν, called the warp factor, which is associated to
the asymptotic geometry of the spacetime. The black hole represents asymptotically stretched AdS3
when ν > 1 and asymptotically squashed AdS3 when ν < 1. When ν = 1, its asymptotic geometry is
AdS3 spacetime. In this work, we focus on a squashed spacelike black hole for which the warp factor
is always larger than unity. In terms of ADM formalism, a WAdS3 black hole is given by [18,19]
ds2 = −N(r)2dt2 + ℓ2R(r)2(dφ+Nφ(r)dt)2 + ℓ
4dr2
4R(r)2N(r)2
, (6)
where
R(r)2 =
r
4
(
3(ν2 − 1)r + (ν2 + 3)(r+ + r−)− 4ν
√
r+r−(ν2 + 3)
)
,
N(r)2 =
ℓ2(ν2 + 3)(r − r+)(r − r−)
4R(r)2
, Nφ =
2νr −
√
r+r−(ν2 + 3)
2R(r)2
.
Note that gtt = −N(r)2 + ℓ2R(r)2(Nφ)2 = ℓ2, so this represents a spacelike spacetime. The inner and
outer horizons are represented by r− and r+, respectively, and ℓ is a free parameter. Note also that
one can consider the behaviors of a particle in spacelike spacetime as though it were in the ergosphere
of a Kerr black hole [46]. This particle’s motion cannot be stable throughout the entire spacelike
spacetime. The equations of motion are solved as in the choices of parameters
m2 = −20µ
2 − 3
2ℓ2
, Λ = −m
2(4ν2 − 48ν2 + 9)
400ν4 − 120ν2 + 9 . (7)
The mass and angular momentum of the black hole are given as [46,50,51]
M = ν(ν
2 + 3)
Gℓ(20ν2 − 3)
(
(r+ + r−)ν −
√
r+r−(ν2 + 3)
)
, (8)
J = ν(ν
2 + 3)
4Gℓ(20ν2 − 3)
(
(5ν2 + 3)r+r− − 2ν(r+ + r−)
√
r+r−(ν2 + 3)
)
.
The inner and outer horizons of an extremal black hole are coincident with one another, meaning that
r− = r+. Hence, the extremal condition is given as
J ≤ Gℓ(20ν
2 − 3)
4ν(ν2 + 3)
M2 . (9)
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The entropy of the black hole is obtained using the Wald formula [51,52]
SBH =
8πν3
(20ν2 − 3)
(
r+ − 1
2ν
√
(ν2 + 3)r+r−
)
. (10)
To identify the Cardy formula for the dual WCFT2, the set of boundary conditions [53]
gtt = ℓ
2 +O(r−1) , gtr = O(r−2) , gtφ = ℓ2νr +O(1) , (11)
grr =
ℓ2
(ν2 + 3)r2
+O(r−3) , grφ = O(r−1) , gφφ = 3
4
r2ℓ2(ν2 − 1) +O(r) ,
which are imposed and used to obtain the generators of diffeomorphism. Using these generators, the
charge algebra is equivalent to the semi-direct sum of Virasoro algebra with the central charge c and
the affine uˆ(1)k Kacˇ-Moody algebra of level k and normalization N1. Then, two commuting Virasoro
algebras generated by L+n and L
−
m are defined. The eigenvalues of the energy spectra L
±
0 are provided
in terms of the WAdS3 black hole configuration
h+ =
1
k
M2 − J − c
24
, h− =
1
k
(
M+ kN1
2
)2
, (12)
where
k =
4ν(ν2 + 3)
Gℓ(20ν2 − 3) , N1 =
2ℓν
ν2 + 3
, c = − 96ℓν
3
G(20ν4 + 57ν2 − 9) = −6kN
2
1 .
The eigenvalue of the energy spectrum L±0 is bounded because of the extremal condition in Eq. (9).
Therefore,
h± ≥ − c
24
. (13)
The entropy of the WAdS3 black hole in Eq. (10) corresponds to the Cardy formula for dual
WCFT2, which represents asymptotic state growth. This correspondence is proven in terms of the
shifted Virasoro operators L˜±0 with the eigenvalue of the energy spectrum h˜
± to be
h+ → h˜+ = 1
k
M2 − J , h− → h˜− = 1
k
M2 , (14)
for which the Cardy formula is written as
SCFT = 2π
√
−4h˜−(vac)h˜− + 2π
√
−4h˜+(vac)h˜+ , (15)
where the values of h˜±(vac) read in the vacuum geometry proposed for the Go¨del geometry [17, 19].
Hence,
h˜±(vac) =
1
k
(M(vac))2 , M(vac) = iMG = −i 4ℓ
2ω2
G(19ℓ2ω2 − 2) , ω
2ℓ2 =
2ν2
3− ν2 . (16)
Thus, the Cardy formula for WCFT2 corresponds exactly to the entropy of the AdS3 black hole [19].
SCFT = SBH . (17)
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3 Particle Absorption in WAdS3 Black Hole
To change a black hole, we need to change its conserved quantities. These changes should be
transferred to the black hole in physically defined ways, such as via particle absorption. When a
particle enters a black hole, its conserved quantities merge and vary those of the black hole, according
to the particle’s equations of motion. We investigate how black hole change through physical processes
under particle absorption and relate these changes to the dual WCFT2 theory, finding that the changes
can be obtained in terms of the momenta carried by the particles. The Hamiltonian and Hamilton-
Jacobi actions for a particle with a mass µ are given by
H = 1
2
gµνpµpν , S =
1
2
µ2λ+ Et+ Lφ+ Sr(r) , (18)
where the momentum is defined as pµ = ∂S/∂x
µ, and the affine parameter is λ. Since the metric in
Eq. (6) has translation symmetries for coordinates t and φ, the corresponding conserved quantities are
defined as E and L in the Hamilton-Jacobi action. In addition, the mass of the particle is given as
m. We consider a particle moving under a spacelike metric of Eq. (6); thus, positive values are chosen
for E in Eq. (18) because gtt in Eq. (6) is positive. The translation symmetry of coordinate t still
generates the conserved quantities E. However, t is now spacelike in Eq. (6), similar to r. Further, in
the Hamilton-Jacobi equation
−∂S
∂λ
= −µ2 = − 1
N(r)2
(E −NφL)2 + L
2
R(r)2ℓ2
+
4N(r)2R2(r)
ℓ4
(∂rS(r))
2 , (19)
where the sign in front of µ2 is still negative. This is similar to a particle in the ergosphere of a Kerr
black hole due to the metric component gtt. The sign in from of µ
2 remains negative, indicating that
the motion of the particle in the ergosphere is unstable. From the same perspective, µ2 is still negative
in Eq. (19), so the motion of a particle is unstable throughout the entire spacetime generated by the
WAdS3 black hole. However, the negative sign in front of µ
2 is removed as r approaches the limit of
the outer horizon r+ in the equations of motion, implying that it does not affect the following results.
It is assumed that the particle is absorbed by the black hole when it passes through the outer horizon;
therefore, the relationships among the conserved quantities need to be obtained at the outer horizon.
As r approaches a limit of r+, the Hamilton-Jacobi equation in Eq. (19) is reduced to
E = Nφ+L±
ℓ2|pr|
2R+
, (20)
where the radial momentum of the particle is defined as pr ≡ r˙ = ∂r/∂λ at the outer horizon, and
R2+ ≡ R2(r+) =
r+
4
(
2ν
√
r+ −
√
(ν2 + 3)r−
)2
, (21)
Nφ+ ≡ Nφ(r+) =
2
√
r+(2ν
√
r+ −
√
(ν2 + 3)r−)
.
Although the coordinate t is spacelike, it is still assumed that E represents the energy of the particle
in Eq. (20). Therefore, the energy should be positive with respect to the infalling particle as time
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increases; thus, we make this term positive in Eq. (20). This choice ensures that the entropy of the
black hole increases, which complies with the second law of thermodynamics.
We can now obtain the relationships among the conserved quantities of the particle passing through
the outer horizon. At the moment, the particle enters the horizon. Thus, it can no longer be observed
from outside of the horizon. Hence, we assume that the black hole has absorbed the particle, and
its conserved quantities are considered to be part of the WAdS3 black hole. This means that the
conserved quantities of the black hole vary infinitesimally based on the particle’s quantities. Thus, we
assume that
E = dM , L = dJ , (22)
which complies both with the conservation of mass and the conservation of angular momentum. Based
on Eq. (22), the variations in the mass and the angular momentum are related to one another by
Eqs. (20) and (22) with positive sign chosen, meaning that
dM = Nφ+dJ +
ℓ2|pr|
2R+
. (23)
Because the metric of Eq. (6) is provided in terms of r+ and r−, the variations of dM and dJ can be
rewritten as dr+ and dr−, respectively, from Eq. (8),
dM =
ν(ν2 + 3)
Gℓ(20ν2 − 3)
(
ν − r−(ν
2 + 3)
2
√
r+r−(ν2 + 3)
)
dr+ +
ν(ν2 + 3)
Gℓ(20ν2 − 3)
(
ν − r+(ν
2 + 3)
2
√
r+r−(ν2 + 3)
)
dr− ,
dJ =
ν(ν2 + 3)
4Gℓ(20ν2 − 3)
(
−r−(r+ + r−)ν(ν
2 + 3)√
r+r−(ν2 + 3)
− 2ν
√
r+r−(ν2 + 3) + r−(5ν
2 + 3)
)
dr+ (24)
+
ν(ν2 + 3)
4Gℓ(20ν2 − 3)
(
−r+(r+ + r−)ν(ν
2 + 3)√
r+r−(ν2 + 3)
− 2ν
√
r+r−(ν2 + 3) + r+(5ν
2 + 3)
)
dr− .
Solving Eq. (24) with Eq. (23), we obtain the variation in r+ as a complex form in terms of L and p
r.
This shows that the change in the outer horizon depends on both the radial and angular momenta of
the particle. Therefore, the change is indirect. However, instead of the outer horizon, the entropy of
the black hole is affected by particle absorption, given by
dSBH =
8πν3
G(20ν2 − 3)
(
1− r−(ν
2 + 3)
4ν
√
r+r−(ν2 + 3)
)
dr+ − 2πr+ν
2(ν2 + 3)
G(20ν2 − 3)
√
r+r−(ν2 + 3)
dr− , (25)
in which both dr+ and dr− can be written in terms of the particle’s momenta by inserting Eqs. (23)
and (24). Then, the change in entropy is reduced to a very simple form as
dSBH =
4πℓ3|pr|
(ν2 + 3)(r+ − r−) > 0 . (26)
This implies that the increase in entropy under particle absorption can be obtained. In addition,
the irreducible property can be identified by particle absorption. This differs from the case of the
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BTZ black hole in which the irreducible property is the area of the outer horizon in consideration of
AdS/CFT correspondence [54].
It can be demonstrated that the outer horizon remains stable under particle absorption with the
increase in entropy defined by the horizon in Eq. (26). However, the change in entropy is singular
at r+ = r−, the extremal condition. Therefore, the stability of the horizon should be tested for the
extremal WAdS3 black hole as described in the following section.
4 Stability of Horizon in Extremal WAdS3 Black Hole
An extremal WAdS3 black hole has the maximally saturated angular momentum for a given mass;
therefore, it satisfies the equality in Eq. (9). For an extremal black hole, the outer and inner horizons
are coincident with one another, and changes in the outer horizon itself are important. Because an
infinitesimal increase in the angular momentum leads to a violation of the inequality of the extremal
condition in Eq. (9), it is possible that such overcharging disappears the horizon. In this case, the
horizon of the extremal black hole is unstable under particle absorption, and the inverse of the metric
component grr at the horizon re ≡ r+ = r− is written as
grr
∣∣
r=re
= 0 , ∂rg
rr
∣∣
r=re
= 0 , (∂r)
2grr
∣∣
r=re
=
2(ν2 + 3)
ℓ2
> 0 , (27)
which implies that the horizon of the extremal black hole is located at the minimum point of the
component grr. Then, if the particle absorption changes the minimum value of grr to a positive value,
there is no solution for grr = 0, so the horizon disappears in the spacetime. On the other hand, if
the minimum value becomes negative, the horizon still covers the black hole. However, the change in
grr written in terms of dr+ and dr− given as Eq. (24) cannot be investigated because the existence
of a horizon cannot be ensured under absorption. Therefore, the configuration of the black hole after
the particle absorption should be obtained by using dM and dJ . Instead of testing grr, the extremal
condition in Eq. (9) can be tested to verify the final state of the black hole. An extremal black hole
(M, J) is at the state saturating the equality in Eq. (9). After absorbing a particle, the black hole
transitions to the state (M + dM, J + dJ). The extremal condition in the final state changes to
J2 − Gℓ(20ν
2 − 3)
4ν(ν2 + 3)
M2 = 0 → (J + dJ)2 − Gℓ(20ν
2 − 3)
4ν(ν2 + 3)
(M + dM)2 , (28)
where dM is removed by Eq. (23) and all parameters are rewritten as re using Eqs. (8) and (21). Then,
we obtain the exact relation
dJ − Gℓ(20ν
2 − 3)
2ν(ν2 + 3)
MdM = −ℓ
2|pr|
2
< 0 , (29)
in which the minimum value always becomes negative under absorption. Because there is no de-
pendency on the angular momentum of the particle in Eq. (29), the extremal black hole cannot be
overspun by absorption. Therefore, the outer horizon remains stable during the process.
We now know that the horizon exists after absorption; therefore, changes to an extremal black
hole can be written in terms of dr+ and dr−. Through the component g
rr, the stability of the horizon
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can also be identified by particle absorption. The absorption changes the locations of both the outer
and inner horizons as well as the minimum point, such that the change in the minimum value of grr
can be written as
dgrr(re) =
∂grr(re)
∂r+
dr+ +
∂grr(re)
∂r−
dr− +
∂grr(re)
∂re
dre . (30)
The varied minimum point is no longer located on either horizon. In addition, the outer and inner
horizons are no longer coincident after absorption. Inserting Eqs. (23) and (24), we can obtain Eq. (30)
in terms of the momentum of the particle as
dgrr(re) =
Gℓ(−20ν2 + 3)|pr|
2ν3
< 0 , (31)
which implies that the minimum value of grr becomes negative. Then, the component grr has two
solutions that correspond to the inner and outer horizons. Thus, the outer horizon is not only stable
and existent, but the black hole also becomes non-extremal. Furthermore, this demonstrates that the
increase in the black hole mass is always greater than that in its angular momentum.
5 Stability of Horizon in Near-Extremal WAdS3 Black Hole
We demonstrated the stability of the horizon when particle absorption changes the black hole
infinitesimally, such that the variation is considered to be the first order of expansion. However, we
ignored the second-order terms. If the particle absorption changes the near-extremal black hole slightly
more than infinitesimally, it is possible that the black hole will be overspun beyond the near-extremal
condition. We now investigate whether this case can be realized under absorption or not. If it is,
in fact, possible, we will investigate how to resolve the instability of the horizon. The near-extremal
condition is expressed as the near-extremal parameter D, a free parameter from Eq. (9), as
Gℓ(20ν2 − 3)
4ν(ν2 + 3)
M2 − J = D > 0 , (32)
where D ≪ 1 because of the near-extremal condition. When the parameter D becomes negative
under absorption, the black hole is overspun and its horizons disappear in the spacetime. We assume
that the initial black hole (M, J) becomes (M + ∆M, J +∆J) for the final black hole. The energy
and angular momentum of the particle, written as (∆M, ∆J), are both transferred to the black hole.
Instead of (dM, dJ), the changes in the black hole are indicated by (∆M, ∆J), where the variation
in ∆ is slightly greater than that of d, meaning that the second-order term should be taken account
in the expansion. The near-extremal condition is obtained in terms of the near-extremal parameter
D∆ that is changed by the absorption. Then,
Gℓ(20ν2 − 3)
4ν(ν2 + 3)
(M +∆M)2 − (J +∆J) = D∆ , (33)
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which is rewritten with the insertion of Eq. (23), giving
D∆ =D −
(
1− GℓMN
φ
+(20ν
2 − 3)
2ν(ν2 + 3)
)
∆J +
Gℓ(Nφ+)
2(20ν2 − 3)
4ν(ν2 + 3)
(∆J)2 +
Gℓ3Nφ(20ν2 − 3)
4R+ν(ν2 + 3)
∆J |pr|
+
Gℓ3M(20ν2 − 3)
4R+ν(ν2 + 3)
|pr|+ Gℓ
5(20ν2 − 3)
16R2+ν(ν
2 + 3)
|pr|2 . (34)
For the black hole to be overspun in its final state, the near-extremal parameter D∆ must be negative.
Hence, negative contributors to D∆ , such as the first-order term of ∆J , play important roles. Note
that the first-order term of ∆J differs significantly from those of previous sections because we are
focusing on ∆J > dJ cases. Thus, if we choose proper values for both D and ∆J , it is possible for the
black hole to be overspun. However, we first need to test whether the near-extremal black hole can
spin beyond its extremal bound or not. The particle should have only angular momentum L = ∆J and
no radial momentum, or |pr|=0. By considering only the first-order term ∆J , the final near-extremal
parameter can be rewritten as an inequality from Eq. (34). Then, when the near-extremal black hole
is overspun by the particle, the range of the angular momentum is a solution of the inequality
∆J >
D
F (M,J)
, F (M, J) = 1− GℓMN
φ
+(20ν
2 − 3)
2ν(ν2 + 3)
, (35)
where the parameter D∆ is negative and F (M, J) is positive. Thus, the horizon of a near-extremal
black hole is unstable. In addition, this instability can occur when the momentum of the particle
is absorbed into the black hole without delay and spreads over its entire volume. In reality, both
the energy and the angular momentum of the particle may take a finite period of time to spread
throughout the black hole, so the process is dynamic. To consider this effect, we assume an adiabatic
process consisting of a number of steps, during which the conserved quantities of the particle transfer
to those of the black hole [42,55]. Because ∆J is greater than dJ , it should be divided into N distinct
dJ . Therefore, ∆J ≡ NdJ . Afterwards, we consider N steps for which the black hole absorbs dJ in
one of the steps. During this process, the near-extremal parameter D changes to a different D∆ over
the N steps, resulting in
D → Dd1 → Dd2 → ... → Ddn−1 → D∆ , (36)
where it is assumed that ∆J satisfies the inequality of Eq. (35) and Ddn is the near-extremal parameter
of the black hole absorbing the angular momentum ndJ over n steps. In addition, the black hole (M,J)
changes to (Mn, Jn) at the nth step. Each value of Ddn is obtained from the first-order expansion of
∆J in Eq. (34) so that
Dd1 = D − F (M,J)
∆J
N
, Dd2 = Dd1 − F (M1, J1)
∆J
N
, ... , D∆ = Ddn−1 − F (Mn−1, Jn−1)
∆J
N
, (37)
for which we can choose a value of N that is sufficiently large to make all values of Dn positive. Thus,
we can expect that the black hole approaches an extremal black hole under continuous absorption
in the adiabatic process. However, the black hole is still under the extremal condition, therefore, it
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cannot be overspun by particle absorption. Using a similar approach, we can determine the instability
of the near-extremal black hole with the second-order expansion from Eq. (34) such that
D − F (M,J)∆J +K(M,J)(∆J)2 < 0 , K(M,J) = Gℓ(N
φ
+)
2(20ν2 − 3)
4ν(ν2 + 3)
> 0 , (38)
for which the range of the solution is
F (M,J)−
√
F (M,J)2 − 4DK(M,J)
2K(M,J)
< ∆J <
F (M,J) +
√
F (M,J)2 − 4DK(M,J)
2K(M,J)
. (39)
The solution of ∆J will exist under F (M,J)2 − 4DK(M,J) > 0 in the choice of proper parameters.
Then, for ∆J which satisfies Eq. (39), each value of Ddn is obtained from Eq. (38) as
Dd1 = D − F (M,J)
∆J
N
+K(M,J)
(
∆J
N
)2
, (40)
Dd2 = Dd1 − F (M1, J1)
∆J
N
+K(M1, J1)
(
∆J
N
)2
,
...
D∆ = Ddn−1 − F (Mn−1, Jn−1)
∆J
N
+K(Mn−1, Jn−1)
(
∆J
N
)2
,
for which a value of N large enough to make Dn positive can always be chosen. Therefore, the
instability of the horizon can be resolved in the second order expansion under continuous absorption.
Even if the particle has an energy and an angular momentum sufficient to overspin the black hole,
because the process is physical, the black hole cannot jump over the extremal condition but rather
approaches extremality. This is also consistent with the third law of thermodynamics in that there is
no physical process that can achieve extremality.
6 Stability in WAdS3/WCFT2 Correspondence
According to WAdS3/WCFT2 duality, there are physical correspondences between the properties
of a black hole and dual WCFT2. As reviewed in Sec. 2, the entropy of a black hole corresponds to
the Cardy formula in dual WCFT2. Thus, we investigate if changes in appear in dual WCFT2 for a
the WAdS3 black hole perturbed by a particle in the bulk. Because the Cardy formula is provided in
terms of the energy spectrum h˜±, particle absorption can affect the energy spectrum of dual WCFT2.
When combined with the extremal condition in Eq. (9), the energy spectrum h˜± of the shifted
Virasoro operator L˜±0 is bounded to
h˜± ≥ 0 . (41)
However, the bounded points are different for each h˜±. For the energy spectrum h˜+, the bounded
value is saturated to zero in the bulk of the extremal black hole. Then, the change in h˜+ under particle
10
absorption is obtained as
dh˜+ =
(
−1 + (20ν
2 − 3)GℓMNφ
2ν(ν2 + 3)
)
L+
Gℓ3M(20ν2 − 3)
4ν(ν2 + 3)R+
|pr| , (42)
which is the similar to the change of the extremal condition in Eq. (29). The energy spectrum h˜+
increases at the point saturated to the extremal condition due to the sign, so
dh˜+ =
ℓ2|pr|
2
. (43)
Therefore, the spectrum h˜+ is ensured to be positive by the stability of the horizon in Eq. (29). For
the second order of expansion, the stability of the horizon is already ensured by continuous absorption
in the adiabatic process. For the spectrum h˜−, the bounded value is saturated to zero when the mass
of the black hole is zero. Its change can be clearly identified in the second-order expansion. Under
particle absorption, the mass of the black hole M changes to M +∆M . Thus,
h˜− +∆h˜− =
1
k
(M +∆M)2 =
1
k
(
M +Nφ∆J +
ℓ2|pr|
2R
)2
≥ 0 . (44)
The spectrum h˜− is bounded to zero when M approaches a limit of zero. At this point, the change is
obtained as
∆h˜− =
1
k
(
Nφ∆J +
ℓ2|pr|
2R
)2
> 0 . (45)
Thus, the energy spectrum h˜− increases for all values of the particle’s momentum, because the black
hole’s mass is positive. Therefore, the mass of the black hole that cannot vanish because of particle
absorption is equivalent to the positive energy spectrum h˜−.
The change in the Cardy formula is written in terms of the energy spectrum under particle ab-
sorption as
dSCFT =
2πi√
k
Mvac
(
dh˜+√
h˜+
+
dh˜−√
h˜−
)
=
4πℓ3|pr|
(ν2 + 3)(r+ − r−) = dSBH . (46)
Changes in the energy spectrum h˜± also change the Cardy formula for the dual WCFT2 because of
the perturbance of the WAdS3 black hole. Then, the change in the Cardy formula exactly corresponds
to that of the entropy of the black hole in Eq. (46). Therefore, the correspondence between the WAdS3
black hole and dual WCFT2 is still well defined for the first order of expansion.
7 Summary
We investigated the horizon stability of a WAdS3 black hole under particle absorption. According
to the WAdS3/WCFT correspondence, this stability correlates with the energy spectrum of the shifted
Virasoro generators for the minimum possible energy. To illustrate how the change in the black hole
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is related to dual WCFT2 under particle absorption, we obtained the equations of motion of a particle
absorbed into the black hole considering spacelike geometry. The particle is then assumed to be
absorbed, when it passes through the outer horizon of the black hole. The conserved quantities
of the particle are expected to be transferred to those of the black hole. Thus, because of these
conserved quantities, we posited that the black hole changes infinitesimally and proportionally to
their magnitudes. Under absorption, we demonstrated that the entropy of the black hole obtained
using Wald formula is irreducible. To test the stability of the horizon, we focused primarily on whether
extremal and near-extremal black holes could be overspun by particles or not. However, the increase in
an extremal black hole’s mass is always greater than that of the angular momentum transferred from
the particle. Thus, the horizon is stable under absorption. In the case of the near-extremal black hole,
we considered the second-order term of the expansion. When the near-extremal parameter is slightly
smaller than the change caused by absorption, a near-extremal black hole can overspin. However, as
the absorption takes time to spread its transferred conserved quantities over the entire volume of the
black hole, we defined continuous absorption based on an adiabatic process. Consequently, a near-
extremal black can approach an extremal black hole more closely than before but cannot be overspun.
Therefore, we demonstrated the stability of the horizon under absorption, which allowed us to safely
estimate the correlation between the properties of the WAdS3 black hole and dual WCFT. A black
hole can be defined in terms of the ground energy spectrum of the shifted WCFT Virasoro generator,
and the minimum energies of the spectra are bounded by both the extremality of the black hole and its
positive mass. Then, we demonstrated the change in the Cardy formula corresponding to the changes
of the energy spectrum caused by particle absorption. Based on this process, the change was exactly
identified and matched to that of the first-order expansion of the entropy of the black hole.
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